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Abstract. In 2011, Blanco and Rosales gave an algorithm for constructing a di-
rected tree graph whose vertices are the irreducible numerical semigroups with a
fixed Frobenius number. Laird and Martinez in 2013 studied the levels of these
trees and conjectured what their heights might be. In this paper, we give an expo-
sition on irreducible numerical semigroups. We also present some data supporting
the conjecture of Laird and Martinez, and give a lower and upper bound on the
number of irreducible numerical semigroups with fixed Frobenius number.
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1 Introduction
This paper concerns itself with the topic of numerical semigroups, which crop up in many
areas of mathematics. Before introducing specifics, we will begin by going over a simple
example of a numerical semigroup.
Example 1.1. Suppose you live on planet Zort. On the planet Zort, there is a sport,
Zortball, that is incredibly popular. In Zortball, teams can score touchdowns, goals, or
homeruns. These are respectively worth 13, 19, and 20 points. On an unsuspecting day your
annoying neighbor, B’lachla, tells you his team won their game last night by a huge 74-20
split. You, being exceptionally talented at mathematics, are suspicious of his claim, which
is confounded by the fact that you have never heard of a team scoring 74 points before. In
order to verify his point totals, you begin combining possible scores, creating a set S of all
elements of the form
S = {13a+ 19b+ 20c | a, b, c are nonnegative integers}.
After some calculations, you realize that, indeed, there are no nonnegative integer solutions
for the equation 13a+ 19b+ 20c = 74. Having mathematically demonstrated that 74 points
is impossible to score, you reveal B’lachla for the liar he is.
Whether or not 74 points can be scored in this game is not the only question we could
ask. We also might ask: “Is there a maximum number of points someone cannot score?”
If there is, we could then ask: “Is there a simple relationship between the numbers 13, 19,
20 and the unscorable maximum?” We will answer some of these questions. In particular,
Section 2 will cover a class of objects called numerical semigroups. The set S of possible
scores is an example of a numerical semigroup. A numerical semigroup is, in simple terms,
a subset of the natural numbers where only finitely many numbers are missing and where
adding makes sense. Since we are removing only finitely many elements, it makes sense to
talk about the maximal element which is not in our subset, which is called the Frobenius
number.
We can look at more than just the properties of a given semigroup, however. We can
also look for semigroups which have certain properties. For example, we can investigate
how many numerical semigroups exist with a given Frobenius number. In this paper we do
just that, except instead of considering all numerical semigroups, we look for semigroups
of a certain subclass, which we call irreducible numerical semigroups. Section 2 will also
introduce irreducible numerical semigroups and their properties.
After the introduction to numerical semigroups in Section 2, Section 3 introduces original
results. In particular, it gives formulas which are upper and lower bounds for the number
of irreducible numerical semigroups that have a certain Frobenius number. By letting F be
the Frobenius number, I(F ) the set of all irreducible semigroups with Frobenius number F ,
and #I(F ) the number of irreducible semigroups, we can state our main theorem.
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Section 3 also contains a plot showing a comparison of computer-generated data to the
bounds. Proofs of the bounds follow in Subsections 3.1 and 3.2. Section 4 concludes with
questions for further research.
2 Numerical Semigroups
Throughout the paper, let N = {1, 2, 3, . . .} and N0 = {0, 1, 2, 3, . . .}. Addition on N0 is
associative, and since 0 is an additive identity in N0, N0 is also a monoid. A submonoid S
of N0 is a subset of N0 that contains 0 and is closed under addition. Given any A ⊆ N0, let
〈A〉 denote the submonoid of N0 defined as
〈A〉 = {λ1a1 + · · ·+ λkak | λi ∈ N0, aj ∈ A}.
If, for a submonoid S of N0, S = 〈A〉 for some A ⊆ N0, then A generates S. In this case, the
elements of A are referred to as a system of generators for S. Furthermore, if |A| <∞, then
S is finitely generated. A system of generators A for a submonoid S of N0 is called minimal
if every proper subset of A generates a proper submonoid of S. If A = {n1, . . . , nk} for some
nj ∈ N, we may also denote 〈A〉 as 〈n1, . . . , nk〉.
Remark 2.1. The first example featured the semigroup S which is generated by the system
of generators A = {13, 19, 20}. Thus S = 〈A〉 and S is finitely generated.
We will now consider another example before formally defining a numerical semigroup.
Example 2.1. Let S be the submonoid of N0 generated by {6, 7, 10, 11, 16}. Note that since
16 = 10 + 6, we have S = 〈6, 7, 10, 11, 16〉 = 〈6, 7, 10, 11〉, so that {6, 7, 10, 11, 16} is not a
minimal generating set for S. On the other hand, {6, 7, 10, 11} is a minimal generating set
for S. We have
S = 〈6, 7, 10, 11〉 = {λ16 + λ27 + λ310 + λ411 | λ1, λ2, λ3, λ4 ∈ N0}
= {0, 6, 7, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 21, 22, . . .}
= {0, 6, 7, 10, 11, 12, 13, 14, 16,→}
,
where the arrow means that all integers larger than 16 are in S.
Now we can give a formal definition. A numerical semigroup is a submonoid S of N0
whose complement N0\S is finite. In other words, S is a submonoid of N0 that contains all
but finitely many positive integers.
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Example 2.2. Let S = {0, 2, 4, 6, 7, 8, 9, 10, 11,→}. Then S is closed under addition, and
since N0\S = {1, 3, 5}, S is a numerical semigroup.
Since the complement of a numerical semigroup is finite, there is a largest integer lying
outside S, which is called the Frobenius number of S and is denoted by F (S). That is,
F (S) = max{i ∈ N0 | i /∈ S}.
The multiplicity of a numerical semigroup S is the smallest nonzero integer that lies
inside S, denoted by m(S). In other words,
m(S) = min{S − {0}}.
Example 2.3. Consider again S = 〈6, 7, 10, 11〉 = {0, 6, 7, 10, 11, 12, 13, 14, 16,→}. Then
F (S) = 15 and m(S) = 6.
The greatest common divisor of a nonempty set B ⊆ N0 is the unique integer d ∈ N0
that satisfies the following conditions:
1. d | b for any b ∈ B.
2. If d′ ∈ N0 and d′ | b for all b ∈ B, then d′ | d.
This integer d is denoted by gcd(B).
Theorem 2.1. The following are true:
1. If S is a numerical semigroup, then S has a unique minimal system of generators A.
Furthermore, A is finite.
2. Let B be a nonempty subset of N0. Then 〈B〉 is a numerical semigroup if and only if
gcd(B) = 1.
Proof. See Rosales and Garc´ıa-Sa´nchez [1, Lemma 2.1, Theorem 2.7].
Example 2.4. Let S = 〈6, 10〉. Then
S = 〈6, 10〉 = {λ16 + λ210 | λ1, λ2 ∈ N0}
= {6, 10, 12, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, . . .}.
Moreover N0\S is infinite, since, for example, it contains no odd numbers. Therefore, S
is not a numerical semigroup. We can see this as well by using the above theorem: since
gcd(6, 10) = 2 6= 1, S is not a numerical semigroup.
Example 2.5. Let S = 〈6, 7, 10〉. Since gcd(6, 7, 10) = 1, S is a numerical semigroup.
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Surprisingly, despite the seemingly simple definition of a numerical semigroup, there
are many problems related to numerical semigroups that are easy to state yet difficult to
solve. For example, the problem of determining the Frobenius number F (S) of a numerical
semigroup S is still largely unsolved. This is sometimes called the Frobenius problem. In
1884, J.J. Sylvester [2] showed that if S = 〈n,m〉 with gcd(n,m) = 1, then
F (S) = nm− n−m.
When A = {n1, . . . , nk}, gcd(n1, . . . , nk) = 1, and k ≥ 3, a closed-form formula of the
Frobenius number of S = 〈A〉 is still elusive (see Ramı´rez Alfons´ın [6]). We instead focus
on the inverse problem to the Frobenius problem: Find all the numerical semigroups with a
fixed Frobenius number. Rather than try and find all numerical semigroups with the same
Frobenius number, we restrict ourselves to finding a special class of numerical semigroups,
namely the irreducible ones.
A numerical semigroup S is irreducible if it is not the intersection of two numerical
semigroups which properly contain S. In other words, if S is an irreducible numerical
semigroup and S = S1 ∩ S2 for numerical semigroups S1, S2, then S1 = S or S2 = S.
Example 2.6. Let S = 〈5, 7, 8〉, S1 = 〈4, 5, 7, 8〉 and S2 = 〈5, 6, 7, 8〉. Then S = S1 ∩ S2 and
both S1 and S2 properly contain S. Thus S is reducible.
Theorem 2.2. Let S be a numerical semigroup. Then:
1. If F (S) is odd, S is irreducible if and only if x ∈ Z\S implies F (S)− x ∈ S.





Proof. See Rosales and Garc´ıa-Sa´nchez [1, Proposition 4.4].
Irreducible numerical semigroups with odd Frobenius number are symmetric numerical
semigroups, while those with even Frobenius number are pseudo-symmetric numerical semi-
groups.
Remark 2.2. If S is a numerical semigroup, observe that for any x ∈ Z, at most one of x or
F (S)−x lies in S. Indeed, if both x and F (S)−x were in S, then F (S) = x+(F (S)−x) ∈ S,
which is a contradiction. On the other hand, Theorem 2.2 states that S is irreducible when,
for any x ∈ Z, precisely one of x or F (S)− x lies in S.
Example 2.7. Let S = 〈3, 7〉. Then F (S) = 11. To see that S is symmetric, and hence
irreducible, consider Figure 2.1 below. This image establishes a pairing between x and F −x
for values of x between 0 and 11. These are the only values of interest, since we know which
values outside this interval lie in S. By the above remark, since each pairing has exactly one
filled in circle (indicating that value lies in S), we see that S is symmetric.
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0 1 2 3 4 5 6 7 8 9 10 11
Figure 2.1 A symmetric semigroup
Example 2.8. Consider again the semigroup S = 〈5, 7, 8〉. Then F (S) = 11. We have
seen in Example 2.6 that S is not irreducible; but, we can also see this using Theorem 2.2.
Indeed, observe that in Figure 2.2 below, the pairing (2, 9) has no filled-in circle, meaning
that neither 2 nor 11− 2 = 9 lie in S.
0 1 2 3 4 5 6 7 8 9 10 11
Figure 2.2 A non-symmetric semigroup
Example 2.9. Let S = 〈3, 8, 13〉. Then F (S) = 10. To see that S is pseudo-symmetric,
observe that Figure 2.3 below establishes a pairing between x and F − x for values of x
between 0 and 10, ignoring F/2 = 5. In each such pairing, only one circle is filled, so that
we see S must be pseudo-symmetric, and hence irreducible.
0 1 2 3 4 5 6 7 8 9 10
Figure 2.3 A pseudo-symmetric semigroup
We will now introduce some terms from graph theory. A (directed) graph G is an ordered
pair (V,E) of sets V and E, where V is any set and E is a collection of ordered pairs of
elements of V . V is the vertex set and E is the edge set of G. Elements v, w ∈ V are adjacent
vertices of G if (v, w) ∈ E. In this case, v is a child of w. A tree is a type of graph where for
any two vertices v, w ∈ V , there exists a unique sequence of edges connecting v and w (see
Figure 2.4).




Figure 2.4 A tree
It is often useful to designate a specific vertex in the tree as the root of the graph. In
general, there is nothing special about the vertex we choose to be the root. The level of a
vertex v ∈ V is the number of edges between v and the root. The height (with respect to a
root) of a tree is the maximum level of a vertex in V . In Figure 2.4, if v1 is the root, then
the tree has height two. The vertex v3 is on level one and has one child, v6.
In a paper by Blanco and Rosales [3], they give an algorithm which constructs all irre-
ducible numerical semigroups with a given Frobenius number in a tree structure. They begin




C(F ) := {0, bF/2c+ 1,→}\{F},
which is irreducible by Theorem 2.2.
Example 2.10. Let F = 11. Then C(F ) = 〈6, 7, 8, 9, 10〉. From the figure below, we can
see that each pairing has one filled in circle, and so C(F ) is symmetric.
0 1 2 3 4 5 6 7 8 9 10 11
Figure 2.5 The semigroup C(F ) = 〈6, 7, 8, 9, 10〉
Let I(F ) denote the set of all numerical semigroups with Frobenius number F . The algo-
rithm of Blanco and Rosales below recursively defines a tree graph G(I(F )), starting with
the root C(F ), whose vertices are precisely the elements of I(F ).
Theorem 2.3. Let F ∈ N. The elements of I(F ) comprise the vertices of a directed tree
graph, denoted G(I(F )), with root C(F ). If S ∈ I(F ), then the children of S in G(I(F )) are
the semigroups
(S\{x1}) ∪ {F − x1}, . . . , (S\{xr}) ∪ {F − xr},
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where {x1, . . . , xr} are the minimal generators of S that satisfy the following conditions for
each x ∈ {x1, . . . , xr}:
1. F/2 < x < F
2. 2x− F /∈ S
3. 3x 6= 2F
4. 4x 6= 3F
5. F − x < m(S).
Proof. See Blanco and Rosales [3, Theorem 9].
Example 2.11. Figure 2.6 is an image of G(I(11)). The six vertices of this tree are the
irreducible numerical semigroups with Frobenius number 11.
〈6, 7, 8, 9, 10〉
〈5, 7, 8, 9〉 〈4, 6, 9〉 〈3, 7〉
〈4, 5〉 〈2, 13〉
Figure 2.6 The tree of semigroups with Frobenius number 11
We have introduced Frobenius numbers, numerical semigroups, irreducible numerical
semigroups, and their properties. We have discussed the graph theory properties of the
algorithm we used to generate data. Now we will introduce our original results: upper
and lower bounds on the number of irreducible numerical semigroups of a fixed Frobenius
number.
3 Results
Laird and Martinez [4] investigate the graph-theoretic properties of G(I(F )) such as the
height and the number of vertices of G(I(F )). They produced a table of the number of
vertices and levels in G(I(F )) up to F = 52 (see Laird and Martinez [4, Figure 9]). They
have shown the following about G(I(F )) [5]:
Theorem 3.1. Let k > 6 be a positive integer. Then the height of G(I(F )) is bk
2
c for
F = 2k + 1 and bk−1
3
c for F = 2k. Moreover, in the case F is odd, there is a unique branch
in G(I(F )) of this length.
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To further the research they have started, we generated data for the number of vertices
and levels of G(I(F )) up to F = 174. This data is located in the appendix. To create the
data, we implemented the tree generating algorithm into a C++ program, which is available
upon request, or online at
https://sites.google.com/site/ucrundergradmathresearch/about/numerical-semigroups.
Rather than looking at the graph-theoretic properties of G(I(F )), our effort went to finding
estimates for the number of vertices of G(I(F )), that is, the number of irreducible numerical
semigroups with Frobenius number F . Our result is a lower and upper bound on #I(F ),
where #I(F ) denotes the number of irreducible numerical semigroups of Frobenius number
F . We now restate Theorem 1.1:





























Figure 3.1 below gives a plot of these inequalities.
Figure 3.1 Plots of the inequalities and actual data
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We split our proof into two subsections: the lower bound and upper bound. The lower
bound is established by giving a collection of irreducible numerical semigroups with Frobenius
number F whose size is easy to count. For the proof of the upper bound, the general idea
is that an irreducible numerical semigroup is determined completely by the elements in a
certain finite subset of N0.
3.1 Lower Bound
In this subsection we will prove Lemma 3.1, which shows how we can construct unique
semigroups given a Frobenius number, and Corollary 3.1, which counts the number of these
semigroups. Together these proofs give us the lower bound of Theorem 1.1. Let F be any
natural number and let N>F denote the set of natural numbers strictly larger than F .
Lemma 3.1. Fix F ∈ N, and let A ⊆ {x ∈ N | F
3
< x < F
2
}. Then define the two sets
B :=
{









x ∈ N | 2F
3
≤ x < F
}
.
If S is the set defined by
S = {0} ∪ A ∪B ∪ C ∪ N>F ,
then S is an irreducible numerical semigroup with Frobenius number F .
Proof. Observe that each element of S is in only one of {0}, A,B,C, or N>F . We also note
that, if x, y ∈ S, then x + y 6= F . Indeed, if on the other hand x + y = F , since F
2
/∈ S,
without loss of generality we can say x < F
2
. If x ∈ S, then x can only lie in A, and so
F
2
< y = F − x < 2F
3
. This forces y ∈ B. However this implies y = F − x′ for some x′ /∈ A.
This would mean that F − x = y = F − x′ ⇒ x = x′, a contradiction.
We will now show that S is closed under addition. That is, we claim that if x, y ∈ S,
then x+y ∈ S. To do this, we look at several cases. If at least one of x or y is 0, then clearly
x + y ∈ S, so that we can assume x and y are both nonzero. If x and y are both nonzero,
then they are both larger than F
3
, so that x+ y > 2F
3
. Since x+ y 6= F by the above remark,
we conclude x+ y ∈ C ∪ N>F ⊆ S. Thus S is closed under addition.
Since N>F ⊆ S, it is clear that S has a finite complement in N and hence is a numerical
semigroup. By construction, it is apparent the Frobenius number of S is F . Therefore, the
last thing to prove is that S is irreducible. Since F
2
/∈ S, by Theorem 2.2, it is enough to
show that if x ∈ Z\S, then F − x ∈ S. We thus have the following cases for x /∈ S:
• If x < 0, then since the Frobenius number of S is F , F − x ∈ S.




≤ F − x < F , so that F − x ∈ C ⊆ S.
• If F
3
< x < F
2
, then F − x ∈ B ⊆ S.
• If F
2




< F−x < F
2
. Now if F−x /∈ A, then F−(F−x) = x ∈ B ⊆ S,
a contradiction. Thus F − x ∈ A ⊆ S.
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In every case, we conclude F −x ∈ S, and so S is symmetric or pseudo-symmetric depending
on the parity of F . Hence S is irreducible.
Corollary 3.1. If F is a natural number, then the number of irreducible numerical semi-






Proof. By the above lemma, for each A ⊆ {x ∈ N | F
3
< x < F
2
} there is an irreducible
numerical semigroup S with Frobenius number F such that S ∩ {x ∈ N | F
3
< x < F
2
} = A.
Since S ∈ I(F ), the set of all such S is contained in I(F ); therefore, the cardinality |S| ≤
|I(F )|. Thus there are at least as many irreducible numerical semigroups with Frobenius
number F as there are subsets of {x ∈ N | F
3




In this section, Lemmas 3.2, 3.3 and 3.4 show how we can construct sets with the symmetric
property. Corollary 3.2 and Lemma 3.5 show how these lemmas can be used to prove
the upper bound for Theorem 1.1. For F ∈ N, we define ∆ to be an F-irreducible set if
∆ = S ∩ [0, F
2
] for some irreducible numerical semigroup S with Frobenius number F . We
make a simple observation:
Lemma 3.2. Let F be a natural number. There is a bijection between the collection of F -
irreducible sets and the collection of irreducible numerical semigroups with Frobenius number
F .
Proof. If ∆ is F -irreducible, then ∆ = S ∩ [0, F
2
] for some irreducible numerical semigroup
S with Frobenius number F . From Theorem 2.2, we then see that
S = ∆ ∪ {F − x | x ∈ Z ∩ [0, F/2] and x /∈ ∆} ∪ N>F ,
and so S and ∆ uniquely determine each other.
By the above lemma, if we establish an upper bound on the number of F -irreducible sets
(for fixed F ), this will be the same as finding an upper bound for the number of irreducible
numerical semigroups with Frobenius number F . With this in mind, we shall frequently take
advantage of this one-to-one correspondence.
Lemma 3.3. If S is an irreducible numerical semigroup with Frobenius number F and
multiplicity m, then m ≤ F
2
or S = C(F ).
Proof. Suppose m > F
2
and x ∈ Z\S for some F > x > F
2
. Then F − x ∈ S since S is




< m, which contradicts that m is the




c+ 2, . . . , F − 1, and so S = C(F ).
Lemma 3.4. Suppose m - F . Let
A(F,m) = {x ∈ N | m < x < F/2 and m | x}
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and
B(F,m) = {F − x ∈ N | F/2 < x < F −m and m | x}.
Then A(F,m)∩B(F,m) = ∅. Moreover, if ∆ is an F -irreducible set with m = min{∆−{0}},
then A(F,m) ⊆ ∆ and B(F,m) ∩∆ = ∅.
Proof. Suppose y ∈ A(F,m) ∩ B(F,m). Then y = x where m < x < F/2, and y = F − x′
where F/2 < x′ < F −m. Then F = x+ x′, but since both m | x and m | x′, we get m | F ,
which is a contradiction to our initial assumptions. So A(F,m) ∩ B(F,m) = ∅. Let S be
the irreducible numerical semigroup corresponding to ∆. Now if x ∈ A(F,m), then
x = mt = m+m+ · · ·+m︸ ︷︷ ︸
t times
∈ S
for some t ∈ N. Since x < F/2, x ∈ ∆. On the other hand, if y ∈ B(F,m), then y = F − x
for some x where m | x. By the same reasoning as above, x ∈ S, so that y /∈ S, otherwise
F = x+ y ∈ S. As well, y /∈ ∆.
Corollary 3.2. If m - F and m ≤ dF
3
e, then there are at most 2bF−2m2 c−bF−2m−1m c irreducible
numerical semigroups with Frobenius number F and multiplicity m.
Proof. Suppose that ∆ is any F -irreducible subset with m = min{∆−{0}}. In the notation
of the above lemma, we know that A(F,m)∩B(F,m) = ∅, A(F,m) ⊆ ∆, and B(F,m)∩∆ =
∅. Now ∆, A(F,m), and B(F,m) are contained in {0, 1, . . . , bF
2
c}. We know that 0,m ∈ ∆
and 1, . . . ,m−1 /∈ ∆, and since there are bF
2





c choices for the remaining elements of ∆. Also, we know every element of A(F,m)
lies in ∆, and no element of B(F,m) lies in ∆. The set B(F,m) is in bijection with the set
B˜(F,m) = {x ∈ N | F/2 < x < F −m and m | x}.
The sets A(F,m) and B(F,m) are disjoint, so we have
#A(F,m) ∪B(F,m) = #A(F,m) ∪ B˜(F,m) = #{x ∈ N | m < x < F −m and m | x}
=
⌊F − 2m− 1
m
⌋




c choices for elements we can add to ∆.
Remark 3.1. We require m ≤ dF
3
e in the above corollary to ensure a multiple of m lies in
the set {x ∈ N | m < x < F −m}, otherwise the above bound is trivial. Indeed, if m ≤ dF
3
e,
then m < 2m < F −m.
Lemma 3.5. If F ∈ N, then the number of irreducible numerical semigroups with Frobenius
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Proof. There is only one numerical semigroup with Frobenius number F and multiplicity
m > F
2
by Lemma 3.3. Furthermore, m > 1, since, if m = 1, then F = 0. This can be
observed since, for any G ≥ 1, then G = ∑G1 1, implying the largest number not in the set
is less than 1. Suppose S is an irreducible numerical semigroup with Frobenius number F
and multiplicity 2 ≤ m ≤ F
2
and corresponding F -irreducible set ∆. Notice that m - F ,








then since 1, 2, . . . ,m− 1 /∈ ∆ and 0,m ∈ ∆ with ∆ ⊆ {0, 1, . . . , bF
2




c possibilities for ∆ in this case. On the other hand, if m ≤ dF
3
e, then by Corollary 3.2,





c possibilities for ∆. Therefore we have proved the lemma.
4 Further Research
The proof for the upper bound has us ignore sets where the multiplicity does not divide
the Frobenius number. This suggests the number of divisors of F plays a role in the size of
#I(F ); the data as well seems to confirm this. Indeed, if p is prime, it seems we can expect
#I(p) to be larger than #I(F ) for values of F close to p. For example, compare p = 173,




From our graph depicted in Figure 3.1, it appears that our upper bound for #I(F ) is
significantly less tight than our lower bound, so this leaves room for further investigation. Our
lower bound worked by essentially building irreducible numerical semigroups with Frobenius
number F from scratch. However, our construction only produced irreducible numerical
semigroups where the multiplicity was larger than F/3. By modifying our proof, it may be
possible to build more irreducible numerical semigroups with even smaller multiplicity, thus
improving our lower bound.
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Data Appendix
This is the data we generated with our code. It is sorted into columns by Frobenius number
F , number of semigroups #I(F ), and height of the tree H.
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